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Abstract. We investigate the limit behavior of the solutions to the Kawahara 
equation 

ut + UZx + £U5 X + uu x =0 , e > 
as e — > 0. In this equation, the terms uzx and £us x do compete together 
and do cancel each other at frequencies of order This prohibits the 

use of a standard dispersive approach for this problem. Nervertheless, by 
combining different dispersive approaches according to the range of spaces 
frequencies, we succeed in proving that the solutions to this equation converges 
in C([0,T]; H 1 (B.)) towards the solutions of the KdV equation for any fixed 
T > 0. 



1. Introduction and main results 

1.1. Introduction. In this paper we are interested in the limit behavior of the 
solutions to the Kawahara equation 

(K £ ) u t + u 3x + eu 5x + uu x = 0, (*, x) £ R 2 , e > 0, 

as the positive coefficient e — » 0. 

Our goal is to prove that they converge in a strong sense towards the solutions of 
the KdV equation 

(1.1) u t + u 3x + uu x = 0, (i,x)eR 2 . 

This study can be seen as a peculiar case of the following class of limit behavior 
problems : 

(1.2) d t u + d x (L 1 -eL 2 )u + N 1 (u)+£N 2 (u)=0, 

where u : R — > R, L\ and L 2 are speudo-diffcrential operators with Fourier sym- 
bols |£| Ql and |£|" 2 with < ot\ < a 2 and N\ and N 2 are polynomial functions 
that depends on u, its derivatives and possibly on the image of u by some speudo- 
differential operator (as for instance the Hilbert transform) . Note that the disper- 
sive limits from the Benjamin equation or some higher-order BO equations derived 
in [3] towards the Benjamin-Ono equation enter this class. 

In this class of limit behavior problems, the main difficulty comes from the fact 
that the dispersive terms d x L\u and ed x L 2 u do compete together. As one can easily 

check, the derivatives of the associated phase function </>(£) = £|£| ai (1 — e|£| a2 ~ ai ) 

i 

does vanish at frequencies of order e °2-°i . This will make classical dispersive 
estimates as Strichartz estimates, global Kato smoothing effect or maximal in time 
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estimate, not uniform in e. Therefore it is not clear to get even boundedness 
uniformly in e of the solutions to (|1.2|) by classical dispersive resolution methods. 

On the other hand, by using only energy estimates that do not take into account 
the dispersive terms, we can see immediately that the solutions to (K e ) will stay 
bounded in H s (R), uniformly in e, providing we work in Sobolev spaces H S (M) with 
index s > 3/2. Moreover, using for instance Bona-Smith argument, we could prove 
the convergence of the solution of (K s ) to the ones of (|l.lj) in C([0, T]; H S (M.)) with 
T = T(\\u(0)\\h= and s > 3/2. However this approach is far to be satisfactory 
since it does not use at all the dispersive effects. Moreover, the KdV and Kawahara 
equations are known to be well-posed in low indices Sobolev spaces (see for instance 
P]> [S], [6] ) and one can ask wether such convergence result does hold in those 
spaces. In this work we make a first step in this direction by proving that this 
convergence result holds in H 3 (M) with s > 1. Note that H 1 (M.) is a natural space 
for this problem since it is the energy space for the KdV equation. Our main idea 
is to combine different dispersive method according to the area of frequencies we 
consider. More precisely, we will use a Bourgain's approach (cf. PQ, [4]) outside 
the area D £ where the first derivative of the phase function 4>' does vanish whereas 
we will use Koch-Tzvetkov approach (cf. [10]) in D e . Indeed, noticing that <j>" 
does not vanish in this area, the Strichartz estimate are valid uniformly in e on 
D e so that we can apply Koch-Tzvetkov approach. On the other hand, outside D £ 
one can easily see that one has a strong resonance relation at least for the worst 
interactions, namely the high-low interactions. Indeed, assuming that |£i| >> l^li 
by the mean-value theroem, it holds 



i&(ei+&)-&(£i)-M£0i ~ i#(£i)&-0 e (6)i ~ ~ ie 2 (3-5 £ e 2 )6i > e\u 



where £ = £i +£2 is the output frequency and 4> 6 (£.) = £ 3 — e£ 5 is the phase function 
associated with the (K £ ). It is worth noticing that this resonance relation is similar 
to the one of the KdV equation that reads (£1 + £ 2 ) 3 - (£i) 3 ~ (6) 3 = 3££i&< To 
rely on this strong resonance relation even when one of the input frequency belongs 
to D e we will make use of the fact that any iJ 1 -solution to (K e ) must belong to 
some Bourgain's space with time regularity one. 

1.2. Main results. 

Theorem 1.1. Let s > 1, tp G H S (R), T > and {e n }nGN be a decreasing sequence 
of real numbers converging to 0. The sequence u n G C(R; H S (R)) of solutions to 
(K e ) emanating from (p satisfies 



where u G C(R; H S (W)) is the unique solution to the KdV equation (jl.ljl emanating 
from ip. 

Theorem 1 is actually a direct consequence of the fact that the Cauchy problem 
associated with (K e ) is well-posed in H S (M.), s > 1, uniformly in e G]0, 1[ in the 
following sense 

Theorem 1.2. Let s > 1 and tp G H S (R). There exists T = T{\\ip\\ H i) g]0, 1[ and 
C > such that for any e g]0, 1[ the solution u e G C(R; i? (R)) to (K s ) satisfies 



(1.3) 



u n ^um C([0,T];if s (R)) 



(1.4) 



sup \\u e {t)\\ H ° < C\\ip\\h» 
te[o,T] 



DISPERSIVE LIMIT FROM THE KAWAHARA TO THE KDV EQUATION 



3 



Moreover, for any R > 0, the family of solution-maps Sk s ■ f i-> u e , e G]0, 1[, 
from B(0,R)h" into C([0, T(R)]; H S (R)) is equi- continuous, i.e. for any sequence 
{(fin} C B(0,R)h= converging to ip in H S (R) it holds 

(1-5) lim SUp \\S Ke <P ~ S Ke <Pn\\L°°(0,T(Ry,H'(R)) = • 

n ^°e€]0,l[ 

1.3. Notation. For any positive numbers a and b, the notation a < 6 means that 
there exists a positive constant c such that a < cb. We also denote a ~ b when 
a < b and b < a. Moreover, if a G R, a + , respectively a_, will denote a number 
slightly greater, respectively lesser, than a. 

For u = u(x,t) G 5(M 2 ), J"u = w will denote its space-time Fourier transform, 
whereas T x u = (m) Ax , respectively T t u = (u) At , will denote its Fourier transform 
in space, respectively in time. For s G R, we define the Bessel and Riesz potentials 
J x and D s x , by 

J s x u = T- l ((l + \tf)iT x u) and D° x u = T x l (\t,\ s T x u) . 

We will need a Littlewood-Paley analysis. Let tp G Co°(R) be an even function 
such that V > 0, supp-0 C [-3/2,3/2], ^ = 1 on [-5/4,5/4]. We set r/ := ip 
and for all fc e N*, := </>(2- fe £) - ^~ k+ H), V<2« ■= 4>{^ k -) = Ej=o 

and 77> 2 fc := 1 — -0(2 fc_1 -) = 1 — n <2 k-i. The Fourier multiplicator operators by 
^23, V<2i an d ??>2j w ih be denoted respectively by P 2 j , -P<2j and P>2j, i.e. for any 
ueL 2 (R) 

P 2 jU := rj 2 ju, P< 2 jU := r)< 2 ju and P> 2 ju := r\> 2] u . 

Note that, to simplify the notations, any summations over capitalized variables 
such as N are presumed to be dyadic with N > 1, i.e., these variables range 
over numbers of the form 2 k , k G Z+. P + and P_ will denote the projection on 
respectively the positive and the negative Fourier frequencies. 

Finally, we denote by U £ {t) := e~ t< - d '* +£d ^ the free evolution associated with the 
linear part of (K e ). 

1.4. Function spaces. For 1 < p < oo, L P (W) is the usual Lebesgue space with 
the norm || • \\lp, and for s G R , the real- valued Sobolev spaces fP(R) denote the 
spaces of all real- valued functions with the usual norms 

Mhs = \\j s M\ l * ■ 

If / = f[x, t) is a function defined for if! and t in the time interval [0, T], with 
T > 0, if B is one of the spaces defined above, 1 < p < oo and 1 < q < oo, we will 
define the mixed space-time spaces L V T B X , L\B X , L X L V T by the norms 

II/IIl^ = (^ T ||/M)II p b ^)" . H/lkB. = (^ll/(-,*)ll^)". 

and 

Wf\\LlL> T =(l (f T \f(x,t)\"dt) § dx 

For s, 6 G R, we introduce the Bourgain spaces X^ b related to the linear part of 
(K e ) as the completion of the Schwartz space <S(R 2 ) under the norm 

(1.6) \\v\\ x .,>:= (JjT-MO) 2b (Q 2s m,T)\ 2 dtdTy , 
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where (x) := 1 + We will also use a dyadic version of those spaces introduced 
in pj] in the context of wave maps. For s, b 6 R, 1 < q < oo, Xp h - q will denote 
the completion of the Schwartz space <S(R 2 ) under the norm 



(1.7) \\v\ 



X"' 



,fc>0 j>0 



Moreover, we define a localized (in time) version of these spaces. Let T > be a 
positive time and Y = X*' h or Y = X*' b > q . Then, if v : Rx]0, T[-> R, we have that 



\\v\\ Yt := inf{|jw||y i:Rx 



u|rx]o,t[ = v}. 



2. Uniform estimates far from the stationary point of the phase 

function 

As we explained in the introduction, it is crucial that the first and the second 
derivatives of the phase function <f> E (£) — £ 3 — e£ 5 do not cancel exactly at the 

same point. Indeed, <^(£) = |£| = while , <#f(£) = |£| = 

Consequently, we introduce the following smooth Fourier projectors 



and 



Pa J 



PbJ = 



1 - Vo 



20 v / i(|£| 



lOeJ 



Clearly, Pa e / cancels in a region of order e x / 2 around \j ^ whereas Pb b J cancels 



in a region of order s 1 / 2 around y y 3 ^-. We are now in position to state the main 
proposition of this section : 

Proposition 2.1. Let s > 1, < T < 1 and u ty£ £ C([0,T}; H S (R)) , i = 1,2, &e 
iwo solutions to (K e ) with < £ « 1 and initial data Then it holds 

(2.1) WPau^W^^ < \\ Vi \\ H s +^11^11^11^11^(1+ ||« i , e || n x T ) 
an<i 7 setting w — Ui e — U2, s > 



2 

(2.2) \\P Ae w\\ xl ^A < - Mh* + T 1/4 \\w\\ YIt J2 \M\y. T (l + \\u t , e \\Yl T ) 
where 

(2-3) ||u||y. T := ||P jl .«|| Jf . ; i/ 2 .i + IMUyff- 

We will make a frequent use of the following linear estimates 
Lemma 2.1. Let ip e 5(R) and T e]0, 1] £/ien VO < e < 1, 
(2-4) ||P^9 x C/ E (t)^|| Lsoif < H^lia 

(2-5) Pi /4 P^(*MlLf is ° < 

(2-6) H-PcaCeWvlUszs? < \\<ph> , 

where J~ x (P£a c ( p) — (1 — VA^^xf and the implicit constants are independent of 
e > 0. 
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Proof. First, (|2.4I) follows from the classical proof of the local Kato smoothing 
effect, by using that 1 0^(^)1 ^ |£| 2 on the Fourier support of Pa c - 

To prove (|2.5[) . we first notice that the Fourier support of Pg e does not intersect 

the region {£ G M, |£| G [yj"i \J 25?]}- By tne ^"^* argument it suffices to prove 
that 

(2.7) \\u e {t)D l J 2 p ZB M\L- + \\u e {t)Dl/ 2 p A M\L~ < r^iMUi 

By classical arguments, (|1.3I) will be proven if we show 



l/2 p i[x{+(C 3 ^^ 5 )t] 



< r 1 ' 2 



Setting := ^Itj 1 ' 3 this is equivalent to prove 



(2.8) 



I c := sup 

t£K,X£l 



\8\ 



1/2 



m 2/3 l d9 



< 1 



We set $(0) = $ f , e (0) := 3 



ft|2/3 



5 and notice that 



$'(0) := 30 2 - ^^0 4 and $"(0)=20(3- 



lil 2 / 3 



lOe 



2.8[) is obvious when restricted on |0| < 100. Now, it is worth noticing that 
I $"(0)1 ^ 1 + max(|0| 



whenever € {|z| > 100/ \z\ ? J 7 -^ 



-]}. Therefore, in the region |0| £ 

|t|l/3 



TBT, V ^^], (EU) follows from Van der Corput lemma since |<I>"(0)| > 1+^ 

111 T-f fVino i-icimainc PAncirl or -flno ron'i n I Q I c£ \ \ I 111 \ I ^lll 1 

10e 



and (0I 1 / 2 



itt^- It thus remains to consider the region |0| 
We notice that, in this region, it holds 



, Ifl 2 / 3 fH0l 4 / 1 + 1 2/3 

(2.9) |$'(0)| ~ |0| 2 for |0| < and |,J>'(0)| ~ for |0| > ^-Li_ 

and divide this region into two subregions. 

• The subregion |$'(0) - X\ < \X\/2. Then |$'(0)| - \X\. Assuming we are in 

f\X\. Then 



the region 100 < |0| < ^J lJ ^, we have |$'(0)| - |0| 2 and thus |0| 
(|2~8)l follows from Van der Corput lemma since |$"(0)| > |0| ~ y/\X~\. On the 
other hand, assuming that |0| > J^^- > 100 then |$'(0)| - e|0| 4 |i|- 2 / 3 and 

thus |0| - e — 1/4 1 js^l 1/4| £ | x/6 _ fon ows 

again from Van der Corput lemma since 

l$"(0)l £ \0\ ~ £^ 1/4 |^r /4 |i| 1/6 . 

• The subregion |$'(0) - X\ > \X\/2. Then |$'(0) - X\ ~ |$'(0)| and dHHJ) is 
obtained by integrating by parts and using (|2.9p . This completes the proof of 



Finally, to show (|2 .6[) we notice that it suffices to prove that for \x\ > 10 4 , 



sup 

te[o,r 



< \x\- 2 



where cj) e (£) = £ 3 — e£ 5 . But this follows directly by integrating by parts twice since 
\x ~ 0e(Ck Z \x\ for any |i| < 1 and |£| < 4. □ 
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To prove Proposition 12. II we will have to put the whole solution u £ of (K e ) and 
not only Pa c u e in some Bourgain's space with regularity 1 in time. This will be 
done in the next lemma by noticing that any solution to (K e ) that belongs to 
C{[0,T];H 1 (R)) automatically belongs to X°^. 

Lemma 2.2. Let s > 1, T e]0, 1[ and u € C([0,T]; H S (M)) be a solution to (K E ). 
Then, 

( 2 - 1 0) IMU;- 1,1 ~ Hz^r 1 + \\ u \\L^mJ\u\\ L ™H° , 

where the implicit constant is independent of s. 

Proof. First, we consider v(t) = U e (—t)u(t) on the time interval ]0,T] and extend 
Don] - 2, 2[ by setting d t v = on [-2, 2] \ [0, T}. Then, it is pretty clear that 

Now, we define u{x, t) — r)(t)U(t)v(t). Obviously, u is an extension of u outside 

]—T,T[ and it holds 

(2.11) 

INIxr M ~ W^Wlzq-i^hz- 1 ) + Ml'q-wh:- 1 ) ~ II^II^hj- 1 + IMI^at 1 ■ 

Therefore (|2.10[) follows from the identity 



9 t W = U £ {-t) 



Ut + U xxx + £U5a 



together with the facts that u is a solution to {K e ) and that 

Huttxlljj.-i < \\u 2 \\ H ° < \H\l^\\u\\h- 
as soon as s > 1. □ 

Now, according to the Duhamel formula and to classical linear estimates in Bour- 
gain's spaces (cf. Q], @]), Proposition 12.11 is a direct consequence of the following 
bilinear estimate 



\\PaA( Ui u 2 )\\ x: ,- W < T^WmWys + (||« a ||ri + \\u a \\ x o, 

(2.12) +T 1 / 4 (|| Ul || yel + ||tii|| x o,i) (||« 2 || r/ -i + \\u 2 \\ x >-ia) , 

where the functions Ui are supported in time in ] — T,T[ with < T < 1. To 
prove this bilinear estimate we first note that by symmetry it suffices to consider 
d x A(u,v) where A(-, •) is defined by 



Moreover, using that for any s > 1, 

(6 + 6> s <(ei+6>((ei>^ 1 + (6>^ 1 ) , 

it is a classical fact that we can restrict ourself to prove (|2.12l) for s = 1. 

As mentioned in the introduction, the following resonance relation is crucial for our 

analysis in this frequency area : 

(2.13) e&fi) :=a-a 1 -a 2 = - &) [3 - 5e((fc + £ 2 ) 2 - 

where 

(J := cr(r,£) := t - £ 3 - e£ 5 , cr a := a(n, £1) and u 2 := cr(r - n, £ - £1) • 
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We start by noticing that the case of ouput frequencies of order less or equal to one 
is harmless. Indeed, it is easy to check that for any couple m, i — 1,2, of smooth 
functions supported in time in ] — T, T[ with < T < 1 it holds 

(2.14) \\d x PA e P<&h.{ui,U2)\\ x x,-x/2,i < ||A(ui, u 2 )||l2 < ||ui||l ( =-//i ||"2||i~ffi ■ 

Let us continue by deriving an estimate for the interactions of high frequencies with 
frequencies of order less or equal to 1. 

Lemma 2.3. Let Uj, i = 1,2, be two smooth functions supported in time in]—T, T[ 
with < T < 1. Then it holds 
(2.15) 

||a B PA.A(P< 8 «l s U2)|| 



X 



< 



(T 1 /*(||p i4eUa || jfi , 1/ail+ ||u a || Jc o.i)+||a !B u a || J 



Proof. Since the norms in the right-hand side of (|2.15[) only see the size of the 
modulus of the Fourier transform, we can assume that all our functions have non 

negative Fourier transform. We set i]a e = l — r) 20 v / £ — \/^) so tnat ^A E f — 

t] Ae f . Rewriting r)A e (0 as t]a c (£ - 6. ) + {t)a c (£) ~ r U e (£ - £i )) , it suffices to estimate 
the two following terms 



h ■= 



T x 1 [d x k{j]< fi J : x (ux),r\A E J : x {u- 1 ) 



Jl -1/2,1 



and 

h ■= 



Ii is easily estimate thanks to ()2.6j) by 

N>1 

< T*~ \\P<sni\\l lLr \\dlP N P Ae u 2 \\ 2 L^^ 



X 1 '- 1 / 2 - 1 



2 

L 2 



N>1 



< T*-\\u 1 \\ 2 X oAPa.U2\\xi.i/».i 



To estimate I 2 we first notice that for |^| < 4 and < e < 10 8 , 

15 AT 17 AT 

16 V 5? 16 V 5e 



uC 



r2~ 3 2 3 



(2.16) nA,(£) ~ ?M e (£ - 6) = whenever |£| e 
and for any (£, £i) € R 2 , 

(2-17) |^(0 - VAt ^-^)\< min(l, 

Moreover, in the region |£i| < 4 and |£| g [ify^j Tg\f^] tne resonance relation 
(|2.13l) ensures that 

(2-18) \a max \ := max(|a|, |a x |, \a 2 \) > |^i(C - 6)1 

where cr(r,^) := r — e (£), <ti = ct(ti,£i) and a 2 — a(r — ri,£ — £i). We separate 
three regions 
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Then according to p^Bj) - ([235]) ■ 



h < T*" 



r 1^1 1(C) 2 

J (V<s,ui) (6 , n ) | ^ 1 1 ^ _ ^ 1 2 (o-2 )X{|g-a | ~ ^_}^2 (g - r x ) d£ x dn 



< ||P< 8 ui|| ls ||u 2 ||a'-i/2,i 

< T'^HuiUxo.illualU . 1 

• &max = fi- Then according to (|2.16[) - (|2.18[) . 



< T4- 



r i \ 

^ 2 _/ l^ll/- frp ( 7 ?<8^l)fo' T 0VElCilX{|g-g 1 |~^}"2(^ - - n) dgi dr 



< r*-||« 1 || Jc o.i||i?- 1 /2^i( X{|€| ^_^ } ^) 
^ r ^ll"ilU°. i ll-? r_1 (x{|si~^=}W2lUfi,s 

< T^||wi|| X 0,l||M 2 ||A' f M 

• &max — a- Then according to (|2.16jl - (|2.18jl . 

Io. < 



< \\ui\\ X 0,i\\d x U2\\ L f 



This completes the proof of the lemma. □ 

The next lemma ensures that the restriction of the left-side member of (|2 . 12[) on 
the region |£| > 1, |d| > 1 and |cr maK | > 2~ 5 |££i(£ — £i)| can be easily controlled. 



Lemma 2.4. Under the same hypotheses as in Lemma \2.3l in the region where the 
following strong resonance relation holds 

(2.i9) \a max \ >2~ 5 i£a(e-a)i , 

we have 
(2.20) 

\\d x PA e P>&A(P>&Ul,U2)\\ x i,-i/2,i < T 1/4 \\u 1 \\ x a,i\\u 2 \\ x oa + ( y \\u 1 \\ XO ,i + \\d x U 1 \\ L 2^\\d x U2\\ 



L 



Proof. Again we notice that the norms in the right-hand side of (J2T4J) only see the 
size of the modulus of the Fourier transforms. We can thus assume that all our func- 
tions have non-negative Fourier transforms. We set 7 := \\d x PA e P>8^(P>s u i^ u 2)|| x i 
and separate different subregions . 

• |ci| > 2 -5 |££i(£ — £i)l- Then direct calculations give 

I < ri-Huillxo.iHD-^aUallzs 

< T2~\\ui\\ X o.l \\U2\\ X 0,1 . 

• |c2| > 2 _5 |££i(£ — £i)|. This case can be treated exactly in the same way by 
exchanging the role of u\ and 1*2- 

• W\ > 2- 5 |^i(C - 6)1 and maxdaxl,^!) < 2- 5 |^i(C - 6)1- 
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Then we separate two subregions. 

1- 161 > 2~ 7 |£|. Then |6I > |£ m a:r| and taking S > close enough to we get 



/ < \\d x P Ae P> 8 A(P> 8 u u u 2 )\\ 



,1,-1/2 + 5 



< 



L- 



15 /_3_ 17 /_3_ 

16 V 5s' 16 V 5e 



|, we deduce from (I2.13|) that 



d x u 2 D^ 2+35 P> 8Ul 

< llD-Va+aff^^ii^ii^u^ 

< ||wi|| X l/4,3/4||9 x U 2 || L ^ 

< (||ui|| x o.i + WdxU^l^JWd^WL^ . 

2- |6I < 2 ~ 7 |£|. Then, we notice that in this region < |£ ~6| < 2|£| and thus 

(i - 2- & )e < e - hit - 6) < (i + 2~ 6 )e . 

Since r)A e does vanish on G 

(2-21) ~ max(|66(£ - 6)1, el^iK - 6) 

on the support of r\A e ■ We thus can write 

I 2 < 51 ( E 7 ?A r (0 7 ?A e (OICIX{|<T|~max(Ar 1 7V 2 , £ Af 4 Ar 1 )} 
Af>4 4<Mi<2- 5 Ar 

S E( E II^^-^VIUsIIx^i^j^L^ 

N>4 4,<Ni<2~ s N 

Z £llX{iei~"}^lli;, 4 ( E N-^WP^D^uiW^ 

4<N!<2- & N 



xi 



< 
< 



AT>4 

||Wl|lxl/4.3/4|l^ U 2|li2 :c 

(\\ Ul \\ XO ,i+\\d x Ul\\ L , ) 2 \\d x u 2 \ 



□ 



Proof of the bilinear estimate (|2.12[) 

First, according to (|2.14[) and Lemma [2.31 and to the support of T]a e it suffices to 
consider 

/:= [E n 2 (j2l~ 1/2 \\vl(<j)vn(o f £ ^^1(6^1)^2(6,^)^^1 1 2 



whcre 
(2.22) 



AfiAAf 2 >8 



J F = [ — \j — , — \ — 1, To = t — n and £9 = 6 — 6 • 
L 16 V 5e' 16 V 5e J ' s s u 



t (lf|gJ= 



Now we will decompose the region of integration into different regions and we will 
check that in most of these regions the strong resonance relation (|2.19j) holds. By 
symmetry we can assume that Ni < N 2 . For the remaining it is convenient to 
introduce the function 

r(66) :=|3-5 £ (e 2 -6(e-6)) 

which is related to the resonance relation (|2.13|) . 
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1. iVi < 2- 10 iY 2 . Then it holds 



(i - 2- y )e 2 < e - - a) < a + 2-')e 



7\ f 2 



and it is easy to check that r(£,£i) > 2 5 as soon as |£| ^ J £ . According 
to (|2~T5|) this ensures that (j2~T9"f holds. 

2- 



2. iVi > 2- 10 N; 



2.1. The subregion |£| £ 
12.11 and duality, we get 



In this region, by (|2.5p of Lemma 



' s E 

min(4,2- 10 Af 2 )<A r i<A r 2 

s E 



< T 



T*~N 2 -^\\d x P Nl ux\\ L?Ll \\d x P N M\ L ?Ll+ 

min(A,2- la N 2 )<N!<N 2 

*~||wi|Uf'<>ff 1 ||U2||if>.ffi ■ 



2.2. The subregion |f| e 

2.2.1 The subregion 1^1 A |^2 1 < \fMe- Since both cases can be treated 
in the same way, we assume |£i| A |£ 2 | = |£i|- Then, according 
to (|2.5p and the support of rjA e and T)b s , we get 



' s E 

min(4,2-i°A'2)<A 1 <A'; 

S Ti~ E 



~ II % ( p B s Pa.Pn.uxPn^)] i Lh 



I PB e P4 E ^PiVi "1 1 1 LfL~ 1 1 d x P N2 U 2 1 1 Lf LI 



i(4,2- 10 JV 2 )<Afi<A r 2 



N 



-1/4, 



E 

min(4,2- 10 Af2)<JVi<Ar 2 

< r5~||PA e lii|| x i,i/2,i||u2||i«>iyi 



-FUs PVi "1 1 1 A-i .1/2, 1 1 1 d x P N2 U 2 1 1 Lf LI 



2.2.2 The subregion | A 1 > In this subregion we claim that 

(|2~T9l holds. Indeed, on one hand, if £i£ 2 > then £ 2 - £ t £ 2 < 
£ 2 < ^ and thus r(£,£i) > 1. On the other hand, if < 

then, since |£| > yj we must have |£i| V |£ 2 | > 2^/ 

Therefore, £ 2 — £i£ 2 > 3^j and thus > ^ which ensures 

that (|2.19p holds and completes the proof of (J27T2]). 



3. Uniform estimate close to the stationary point of the phase 

function 

As announced in the introduction, close the the stationary point of the phase 
function we will apply the approach developed by Koch and Tzvetkov in jTU] . Note 
that, in [9], Kenig and Koenig improved this approach by adding the use of the 
nonlinear local Kato smoothing effect. However, this improvement can not be used 
here since this smoothing effect is not uniform in e close to the stationary point. 
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Proposition 3.1. Let s > 1 and u £ € C([0, T]; iJ s (R)), i = 1,2, &e a solution to 
(K e ) with initial data ip. Then it holds 

(3.1) llll^b^ e ^lli^^ < ll^c^^ll^ + ( e 1 / 2 + r 1 / 4 )||^||^ r (||^||^ v + 

where Y^ T is defined in (|2.3I) and F x (P^ As ip) = (1 — VA^^x^P- 

First we establish an estimate, uniform in e, on the solution to the associated 
non homogenous linear problem. 

Lemma 3.1. Let v G C([0,T]; H°°(R)) be a solution of 

(3.2) v t + v xxx + ev 5x = -F x . 
Then 

(3-3) WPcaAl^ <(e 1/2 +T)\\P CAe v\\ L¥Ll + \\P CAe F\\^ Ll . 
Proof. For < e << 1 fixed, we write a natural splitting 

[0, T] = Ulj 

of [0, T] where /j = [a?,^] are with disjoint interiors and \Ij\ < e 1 ! 2 . Clearly, we 
can suppose that the number of the intervals Ij is bounded by C(l + Te -1 / 2 ). Using 
the Holder inequality in time, we can write 

imuj.£~ s E imu^? < £ f E ni^? ■ 

Next, we apply the Duhamel formula on each Ij to obtain 

PCAAt) = US - a 3 )P CAE v(a 3 ) - I U e {t - t')P CAs d x F(t') dt' . 

Using the uniform in e Strichartz estimate (|2.5[) and classical TT* arguments, it 
yields 

\\PcaA\l1 l~ < WD-^PzaA^Wl* + \\D 3 x /4 P CAe F\\L] l % 

< e^\\P ZA v{ai)\\L^e-^\\P ZA F\\ L , » ■ 

1 3 

Therefore, we get 

\\PiaAl\.l~ < s 1/2 \\PcAA a i)h* + \\PzaF\\l) ]L i 
and summing over j, 

II-Pca^IL^oo < e 1/2 Ell p CA e «IUs?^ + ll p CA^IU^|- 

3 

< {e 1 ' 2 + T)\\P CA v\\ L¥Ll + \\P Ca F\\li t li ■ 

□ 

We now need the following energy estimate 

Lemma 3.2. Let s > 1. There exists C > such that all < e « 1 and all 

<p G -fP(R), the solution u G C(0,T; H s ) of (K e ) with initial data if satisfies 

(3-4) WPcAAhns < \\PcAM\h+ C \\ P B,u x \\ L i TL ~\\u\\l ¥HS . 
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Proof. Applying the operator P$ A 011 C^e) and taking the iJ s -scalar product with 
Pc Ae u we get 

f II^M.u(t)l&. = / J* P CaM u2 ) J * P CaU ■ 

Decomposing uasu = P Bs u + P$ B u we can rewrite the right-hand side member 
of the above equality as 

/ J s x PzaM P b c u) 2 J s x P Za u+ f J°P CAc dJ(P CB u) 2 +2P B uP CB u)j°P CA u:=I 1 
Jr Jr v ' 

In the sequel we will need the following variant of the Kato-Ponce commutator 
estimate ( [7]): 



(3.5) 



J^PcA e J}9 La <\\fx\\L«\\9\\ Hr r + \\f\\ H .\\g\\ L% 



Integrating by parts and applying the above commutator estimate we easily esti- 
mate the first term by 



h = 2 / P Be udJjsp CAs P Be u )j*P CA u + 2 / J s x Pi Ac ,Pbu]Pbu x J s x Pi a u 
Jr K ' Jr l 

< \\Pbu x \\ l ~\\u\\ 2 Hs , 
where, in the last step, we use that according to the support localization of 77, 
(3-6) Pb^a c =Pza c - 

For the second term, we notice that by the frequency projections, all the functions in 
the integral are supported in frequencies of order 1/y/e. Therefore, using Bernstein 
inequalities we get 



HPb c u))P Zb 



WiaA 



h < e- s -^\p tAc ([P ZB uf + 2F x \ X{ 

^ \\Pz Ae u x\\l^\\u\\ 2 hs • 

(|3.4|) then follows by integration in time, using again (|3.6p . □ 
Proof of Proposition [37T1 Applying (|3.3I) to u x with u solving (K e ) we get 

\\PcaMli t l~ < (e 1/2 +T)\\P CAE u x \\ L¥Ll + \\P CAs d x (u 2 )\\ L i TLl 
(3-7) < (e 1/2 + T)\\u\\ L ~ H i+T\\u\\ 2 L¥Hi . 

Therefore, gathering (pT4")l . (|3.7p and (|2~51 we obtain 

\\PcaAl ¥ H* £ \\PcaM%° + C \\u\\l ¥B . (TV 4 \\P Be P AeUx \\ Ll .^ + \\PcaUx\U 

< WPzaMh* + C (£ 1/2 + T^)\\u\\l^ Hl (\\u\\ y1t + Hull^) , 
which completes the proof of (|3 . 1 j) . □ 
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4. Proof of Theorem 11.21 

4.1. Uniform bound on the solutions. Let u e C°°(R; H°°(M.)) be a solution of 
(K e ). Combining Propositions 12 . 1 1 and 13 . 1 1 we infer that for any s > 1 and T g]0, 1[, 

\\uf Y s T < c || ^Hlr. + a (Vi + rV^ljttH^ HuH^ (l + , 

for some constant C > 0. Since u is smooth, T > \\u\\y" t is continuous and 
limsup < 1 1 V 1 1 if" ■ Therefore a classical continuity argument ensures that 

for any 5 > there exists a > such that 

(4.1) ^(Vi + r^llull^Jlull^^l + llull^J <6 

and ||w||y» T < provided 

(4-2) (Vi+T^)< adl^ + H^ltri)- 1 . 

By continuity with respect to initial data (for any fixed e > 0) it follows that for 
any fixed initial data 99 G i/ s (R.), s > 1, the emanating solution u € C(R; if s (]R)) 
of (iQ, with 

(4-3) < e < s (Mm) ~ ^(Mm + Mm)' 2 , 

satisfies 

(4-4) H|r/ iT < IMk* , 

with T = T(M m ) ~ (|M| ffl + IM^)" 4 . 

Finally, the result for e e [e- ( II vll J/ 1 ): 1] follows from a dilation argument. Indeed, 
it is easy to check that u is a solution of (K e ) with initial data ip if and only if 
u\ = u\(t,x) = A~ 2 u(A~ 3 i, A _1 x) is a solution of (K\2 £ ) with initial data ip\ = 
\~ 2 tp(\~ 1 x). Hence, taking A = e -1 / 2 > 1 we observe that u\ satisfies (K\). By 
classical well-posedness result for (Ki) (see for instance [6]), there exists a non 
increasing function R : W + — > such that 

H«AlU-,ff- < \Wx\U' with r = R{\\yx\\ H -) • 

Coming back to u, noticing that H^aII^ 1 ^ ^"^IMIif 1 an d that 1 < A = e~ 1//2 < 
(Hvllfl-i + IMIjyO we deduce that 

ll«IUs?ff' £ llvlk- with T = T(II^H^i) , 

which completes the proof of (|1.4[) . 

4.2. Proof the equi- continuity result. Now to prove the equi-continuity result 
we will make use of Bona-Smith argument [2]. To simplify the expository we will 
only consider the most difficult case that is the case s = 1. We thus want to 
prove that, be given a sequence {ifik} C H 1 (M.) converging towards cp in H 1 (R), the 
emanating solutions u £t k '■— SK s (<fik) satisfy 

(4.5) lim sup \\u e _ k - u e \\ L ^ H i = , 

fc^ooo< e <l 

where u e := Sk b {<p) and T = T(||<^||jji). We first notice that we can restrict 
ourself to consider s satisfying (|4.3|) since the same dilation argument as above 
yields directly the result otherwise. 
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The first step consists in repeating the arguments of Sections [2] & [3] to get a 
L 2 -Lipschitz bound, uniform in e, for H -solution. This is the aim of the following 
proposition which proof is postponed in the appendix. 

Proposition 4.1. Let < £ < 1, T > and v £ Y^ T satisfying 

(4.6) (Vi+r 1/4 )(lH|^ r + |H|| ;v ) «i 

and 

(4.7) WPbM^ ^(V^+t^^Hy^ + m^) . 

Then any solution w € C([0, T]; _ff 1 (]R)) to 

(4.8) d t w + d^w + ed^w + -d x (wv) = 
satisfies 

(4-9) \W\l~l* < lk(0)|U S 

where the implicit constant is independent of e. 

Now, for any cp 6 H 1 (M.) and any dyadic integer N we set y> := P<n<P- By 
straightforward calculations in Fourier space, for any <p G i? 1 (K), any JV > 1 and 
any r > 0, 

(4.10) II^H^+^AHMk and ll^-vllfli-^o^JII^Ui- 
Setting := SK e {^p N ) and u^ fc := SkA'Ph)) ensures that there exists T = 
^oGMU 1 ) G]0j 1[ such that for fc large enough and z := « £ , , or u^ k , 

(4.11) (Vi + T 1/4 )(||z|| yelT +N|^J «1 

and, according to (J4~4}, ([23]) and ([37T]) . 
(4.12) 

Hzll^ < 2|M| ff i and UPb.MU^l- < (^ + T 1/4 ) (lUllr^ + MI^J • 
Moreover, 

(4.13) hs\W lTo + ll< fe lkv £ H^ll^ £ ^IMk* 

provided s > 1. By the triangle inequality, it holds 

(4.14) IIUe-Ue.fclU-.flJ < K-«MU5?^i + lK-<fclUs?fl-i + ll<fc-« e ,*IU?'flJ ■ 

We start by estimating the first term of the right-hand side fo (|4.14j) . Setting 
w e := u e — , we observe that w £ satishcs 

(4.15) d t W e + figtife + edlw e + ^d x (w £ (u? + U e )) = . 

Therefore, combining Proposition U7U (I4.11j) - (l4.12p and (|4.10p we get that 
(4-16) KIUs?z» <o(^ _1 ) ■ 

According to (|2.2j) we also have 

(4.17) UP^ell^M/^ <C + JlKIU^ • 

e,T * I e > J o 
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Now to estimate Pza s we rewrite the equation satisfying by w e in the following less 
symmetric way : 

d t w e + dlw e + ed x w e = -^d x (wj) - d x (u^ w e ) ■ 

Applying the operator P$ A on the above equation and taking the H ^scalar product 
with P$ A w e we S e ^ 

j t \\Pc Ae Mt)\\ 2 Hl = j JIPzaMO j I p ^aw e + 2^ JlP CAe (u?d x w e )JlP CA w e 
(4.18) +2 f 4P CAe (w e d x u?)4P CA w e . 

JR 

The contribution of the first term of the above right-hand side can be estimated in 
exactly the same way as in the proof of Lemma 13.21 by \\P Be d x w e \\L^> ||^e||m • The 
second term can be estimated also in the same way by 

{\\PB e d x U»\\ L ~\\w £ \\ H i +\\v%\\ Hl \\P Be d x W £ \\ LT )\\w e \\ Bl . 

The difficulty comes from the third term. To estimate its contribution we first 
decompose w e and to rewrite it as 

2 / J x Pc Ae (Pz B WePzB c d x u^ + P CB w e P Bs d x uf + P Be w e P CBe d x u?)4P CA w e 

JR v ' 

+2 / JlP CAc (P Be w e P Be d x u^)4P CA w e = h+h 

JR 

According to the frequency projections, in the same way as proof of Lemma 13.21 all 
the functions in I\ are supported in frequencies of order e" 1 / 2 , which leads to 

h < \\PtA e d x W ^\L^\\ w e\\Hl\\u^ \\hI ■ 

Finally we control the contribution of I2 by 




Note that the difficulty to control I2 comes from the fact that we can not avoid to 
put a _ff 2 -norm on . But the idea of Bona-Smith is to compensate the growth 
with N of this iJ 2 -norm by the decay with N of the L 2 -norm of w e . Actually, 
integrating (|4.18l) in time, with the above estimates together with (|4.16[) and (|4.12[1 - 
(|4.13[) in hand, we get 

WPCA^eWl-Hi < \\P^{<P-<P^)\\h + (II^A™ e |LL l~ + \\PB e d x V»\\ L i L jo ) \\w e \\ * H j 

Tq x x J s 1 x T x 

+ \\P Br d x w £ \\ L i LT {\\w e \\ L ~ m\\v% Hi-Hi + 

Tq x 1q x Jq x 1 q x Jq x 

< 71 (AO + i|K||ioo H i +2\\ip\\ H i\\P BE d x w e \\ L i TgL ^\\w e \\ L¥gH i 

(4.19) +o(N~ 1 )N 

where 71(A) — > as N — > 00. On the other hand, applying Lemma [3.11 on the 

x-derivative of (|4.15[) we get 

(4.20) 

\\PcA e d x w ^ Ta l~ < (e 1/2 +To)|ke|U»^+To|k e |U~Hi(||n e |U~ ffl +||nf||^HO 
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Therefore, gathering (|4~19| , (|420|) and (|4~17| with (j4TT|) in hand, we obtain 

\\ws\\% < 12(N) + hw e \\ 2 Y i 
with 72 (N) — > as N — > oo. This ensures that 

\K-<\\l%hI<*Y»(N)- 

To estimate the contribution of the third term of the right-hand side of (|4.14|) we 
proceed exactly in the same way as for the first one, by replacing u e by u Etk and 
u E by u Ek . We then obtain 

|K,fc - "^felU- HI < J3(N) . 

with 73 (N) — > as N — > oo. Finally, the contribution of the second term of the 
right-hand side of (I4.14[) is also obtain in the same way by replacing u E by u^ k 
(actually, contrary to the preceding contributions, here both terms u^ k and 
can play a symmetric role ). However, for this term, Proposition 14.11 only ensures 
that 

ll u f - u^kh^Li < ||</> - Vkhi ■ 

Therefore, setting w £ = u^ 1 — u^ k , one has to replace o(N~ 1 )N by \\(p — ip k \\ L 2N 
in the right-hand side member of (|4.19[) when estimating H-Pca^ — u ek)\\L%? h 1 ■ 
We thus obtain 

\\ u e ~ U^kWl,™ HI < \W-Vk\\Hl +N\\(f- <Pkhl ■ 

Gathering the above estimates, (|4. 14|) leads to 

lim sup \\u e - u e ,fc||iop H i = 

k ^+°°0<s<e (\\ V \\ H i) ' ° 

which completes the proof of Theorem 11.21 

4.3. Proof of Theorem 11.11 We follow general arguments (see for instance [5]). 
Let us denote by Sx e and Sxdv the nonlinear group associated with respectively 
(K e ) and KdV. Let (p € H*(M.), s > 1 and let T = T(|M| H i) > be given by 
Theorcm ll.il For any N > we can rewrite 5if e (<^) — Sxdvif) as 

SkAv) - SKdv(p) = (SkAv) ~ Sk s (P<n<p)j + (s Ke (P<n<p) - S K dv(P<Np)) 

+ (s K dv{P<N¥>) - SKdv(v)j = h,N + Je,N + K N . 

By continuity with respect to initial data in H S (W) of the solution map associated 
with the KdV equation, we have lim IlifTvllL^fcT:^ 3 ) = 0. On the other hand, 

N— too ' ' x 

(|1.5|) ensures that 

lim sup \\I s ,N\\L<*>(0,T;m) = • 
N ^°° sG]0,l[ 

It thus remains to check that for any fixed N > 0, lim ||«7 e ,jv||i,» o (o,T;H|) = 0- Since 

Pkn'-P G H°°(M.), it is worth noticing that Sk s {P<n^p) and SKdv{P<N<£>) belong 
to C7°°(IR; H°°(M)). Moreover, according to Theorem 11.21 and the well-posedness 
theory of the KdV equation (see for instance p]), for all 6 G R and e G]0, 1[, 

\\S K .{P<N<P)\\L?Hi + \\ s kMP<n<p)\\l-h» < C(N,6,\\<p\\z>) ■ 
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Now, setting v e := Sk,{P<n^p) and v :— SKdv{P<Np), we observe that w £ := 
v E — v satisfies 

d t w E + dlw e + ed x w e = ~d x (w e (v + v e jj - ev 5x 

with initial data w e (0) = 0. Taking the _ff s -scalar product of this last equation 
with w £ and integrating by parts we get 

"dKllffS ~ (1+11^(^-1-^^)11 + || (v-K^)]^^ || H^II^H-e 2 !!^^ 

Making use of the following commutator estimate (see for instance [12]), that holds 
for s > 1/2, 

(4.2i) WiJ^nghi^WMlnMrn- 1 > 

we easily get 

-|lK(*)ll!i < c(n, s + 1, iMU»)iMt)||! s + e 2 c(N, 5 + s, y\\ Ll ) 2 . 

Integrating this differential inequality on [0, T], this ensures that lim ||iu e ||.L°°(o t-H 3 ) 

e— >Q ' ' 

and completes the proof of Theorem 11.11 with T = T(||(^|| ff i). Finally, recalling 
that the energy conservation of the KdV equation ensures that for any ip € iJ 1 (K) 
it holds, 



sup\\S K dv(<p)(t)\\Hi ^ IMIffi + \\<f\ 



5 

Li 



we obtain the same convergence result on any time interval [0,To] with To > 

|5 
L'i 



T(\\lp\\ h i) by reiterating the convergence result about To/T(||<y3|| H i + \\<p\\ 5 L 2) times. 



5. appendix: Proof of Proposition 14.11 

We follow very closely Sections [2] and [3J The first step consists in establishing 
the following estimate on Pa s w- 



Proposition 5.1. Let < T < 1 and w e C([0,T\;H 1 (R)) be a solution to (gS 
with < £ « 1 and initial data ip. Then it holds 

(5.1) \\P A w\\ x ^ < M^+Ti-\\v\\ Yl Jw\\ Y oJl + \\v\\y lT ) 

Proof. We proceed as in Section [2] First we observe that we have trivially 

(5.2) \\P< a d x (vw)\\ xS .-i„. 1 < \\vw\\ LL < TV 2 \\v\\ LrHi \\w\\ LrL * . 
and 

\\PA m d x (vP<sw)\\ x o,-i /a ,i < \\P Ac d x {vP< 8 w)\\ LL 

< T 1/2 (\\v x \\ LrL 2\\P< 8 w\\ L? o + ||u||ig||tu||x,ooi|) 
(5-3) < Ty 2 \\v\\ Lrm J\w\\ LrLl . 

Now to control \\PA e d x (wP<sv)\\ x o, -1/2,1 we notice that in the same way as in ([5 
we have 

\\PA s dx(P<16luP<8V)\\ x o, -1/2,1 < T ,1 / 2 ||«|| i oo i? i||uj|| z ,|» I ,2 . 
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On the other hand, according to the frequency projections and Lemma 12.31 the 
contribution of P>\qw can be estimated by 



\d x P A AP<svP>i e w) 



r 0, — 1/2,1 



< 
< 



xt 



\d x PA E HP<f>v, P>iqw' ; „ x ^ 

d x p Ae a (p< a J^(M ) , d^p^^Ww] ) 

(5.4) < M^.^T^PaMIx^ + Mx^ + M 

To continue we need the following variant of Lemma 



1/2,1 

L'i 



Lemma 5.1. Let v and w be two smooth functions supported in time in ] — T,T[ 
with < T < 1. Then, in the region where the strong resonance relation (f2~T9|) 
holds, we have 



\d x P Als P>8{P>8vP>8w)\\ x o, -i/2,i < T 4 ||w|| x o,i||w|| x -i,i 



' J x\\Lf 



\w\\ x -l,l + \\w\\ L 2 



(5.5) 



Proof. We notice that the norms in the right-hand side of (|2.4[) only see the size 
of the modulus of the Fourier transforms. We can thus assume that all our functions 
have non-negative Fourier transforms. We set / := \\d x PA e P>s{P>8vP>8w) 



and separate different subregions . 

• 1 02 1 > 2 -5 |££i(£ — £i)|. Then direct calculations give 



ID^P^vWlo 



< T*-\\V\\ x a,\\w\\ 



|0i| > 2 _5 |££i(£ - £i)|- Then , by ([23]) of Lemma O and duality, we get 



I < 

< T 

< T 



PA e P>8 P>8^ i ^ i ((0l)^T)P>8^ i W 



+ ri + 



L? L 



Mx°- 1 \\P>%P > x 1 M\lt>lI+ 

\v\\ x 0,l \\w\\ x -3/i,3/i 



^ Ti IMIx^GMU- 1 ' 1 + IMU?J ■ 

• |0| > 2~ 5 \tii(t - 6)1 and maxdaxUal) < 2- 5 |^i(C - 6)1- 
Then we separate two subregions. 

1- 161 A |6I > 2~ 7 |£|. Then |^| ~ |6| > |£| and taking 6 > close enough to we 
get 

■f < ||a K PA E P>8(-P>8wP>8w)|| x o,-i/2+s 



< 



ljD -l/2+35p 



>8" 



< \\V\\ X 1/*.S/* \H\ L 2 x 

< (ll^llvo.x + \\d x v\\r* JHUl 
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2. |6I A |6| < 2~ 7 |£|. Then, we use that (f2~2Tj) holds on the support of n Ac - In the 
subregion |6| A |6| = 161 we write 



/2 ^ E( E ||w(0»M.(Oieix{M 



A>4 4<Ai<2- 5 A r 



X- 



S E( E \\P^D-^v\\LrJ\x { i^ N} w\\ LL 

N>i 4<N ± <2- 5 N 



< 



< 



< 



E iix{| f i~*}tfiii. e ( E ^r^ii^^iuri;) 5 



A>4 



4<Ai<2- B A 



) 2 IMI 2 



(||u|| x o,i + ||9 X «|U^; II-IIL.^ 
Finally, in the subregion |6| A |6| = 161 we write 

/2 ~ E( E 7 7A r (6 7 7A e (6ICIX{k|~max(A 2 A2,£Ar4Ar 2 )}J r x((w-PA 2 w) 



AT>4 4<A 2 <2" 6 A 



Z E( E H^^^llLsll^iei-^^Ik,, 

Af>4 4<A 2 <2- 5 A 

s Eiix«i~^^ T , e ( E a^ 1/4 ii^^ 3/4 hu^ 

4<A 2 <2- 5 A 



Af>4 



„-3/4,3/4 ||9xW||i2 
vY e ta; 



< H "'IT i : < . IKA ''II , 

< „. .,,11 . \u 



(||w||v-i,i + \\w\\ L 2) \\d x V\\ 



Ll. 



□ 



Now we are in position to prove the main bilinear estimates : 
Lemma 5.2. 

{5.6)\P Ae d x (vw)\\ x o,-y 2 ,i < Ti-(\\w\\ Y o + HI x .-m) (\\v\\ Y i + HI 
where the functions u and v are supported in time in] — T,T[ with < T < 1. 
Proof. First, according to (I5.2() - (|5.4|) and to the support of r\A e it suffices to consider 



IX" 



'■•=[£(5>~ 1/2 

JV>4 L 



E p n 1 v(£,i,t 1 )Pn 2 w(&,t 2 ) dn c?6 

AiAiV 2 >8 



1/2 



where J e is defined in (|2.22l) . We consider different contributions to /. 

1. Ni A N 2 < 2- 10 (iVi V N 2 ). Then it holds 

(i - 2- 7 k 2 < e - 6(e - 6) < a + 2- 7 )e 

and it is easy to check that T(66) > 2 -5 as soon as |£| ^ J e . According 
to (|2~T5|) this ensures that (|2T5)| holds. 

2. Ni A N 2 > 2- w (Nx V iV 2 ). Then iVi - N 2 > iV. 
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2.1. The subregion |£| £ [^/jj, 
12.11 and duality, we get 



In this region, by (12.51) of Lemma 



I < \\D x ~ i+ d x (P Nl vP N2 w 

N 1 AN 2 >S,N 1 ~N 2 

< 



E 



Ti-N, - + \\d x P Nl v\\ LrL lA\PN 2 w\\L T Ll 



N 1 /\N 2 >S, ATi~A»2 
^ T^~\\v\\ L? . H i\\w\\ L? . L 2 ■ 



17 /_2_ 

80e ' V 5e 



2.2. The subregion |f| e 

2.2.1 The subregion 1^1 A 1 < \fMe- Since both cases can be treated 
in the same way, we assume |£i| A |^| = |£i|- Then, according 
to (|2.5[) and the support of T)a s and rjg e , we get 

I < E T?-\\d x (P Be P A€ P Nl vP N2 w)\\ LL 

N X AN 2 >S, Nt~N 2 

< Ti~ \\PB.PA.d x P Nl v\\ L}L? \\P ffa w\\LrLl 

N 1 /\N 2 >8,N 1 ~N 2 

< Ti~ Yl N I l/i \\ P A,PNM\ X l.^A\PNM\L T Ll 

JVi A N 2 > S , Ni~N 2 

< T>-||P jl .t;|| Jf i, 1 / ai i||«,|| ir ^ . 

2.2.2 The subregion |£i| A |£ 2 | > Wg^- Then as in the proof of (|2"T2"jt 
in Section |3] we observe that (|2. 19|) holds. 

□ 



To complete the proof of Proposition 15 . II we notice that, similarly to Lemma 
one can easily prove that any solution w € C([0, T]; i 2 (M)) with < T < 1 of (|4~8 
satisfies 



(5.7) 



IMIx-I' 1 < WMIl-h- 1 + \Ml°°hi\\w\\ L¥ li . 



Finally, with (|5.6I) and (|5.7[) in hand, Proposition 15.11 follows from the classical 
linear estimates in Bourgain's spaces. □ 

Now the second step consists in proving the following estimate : 

Proposition 5.2. Let < e < 1, w € C([Q,T];ff 1 (R)) a solution to (j4~8j) 
initial data ip and v € . TTien i£ ZioZrfs 

(5.8) i|iUHIi- iS £ + (^ 1/2 + ^ 1/4 )lhllyo T (iMkv + H^llnv) 

where the implicit constant is independent of e. 



DISPERSIVE LIMIT FROM THE KAWAHARA TO THE KDV EQUATION 
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Proof. Applying the operator P$A e on (|4.8p and taking the L^-scalar product with 
Pc Ae w we get 

= / PcA e d x {wP Bc v)P CAr w + / PcA e d x {wP CBc v)P CAc w 
Jr Jr 

= h + h- 

Using the following commutator estimate (see for instance jlOj ) 

\\[PlAd x J]g\\ Ll <\\d x f\\ LT \\g\\ Ll , 
and integrating by parts, we get 

h = \ Pb e vPca c w x P C a e w + / ([PcA E dx,PB E v}w)P CAe w 
Jr Jr x ' 

< \\d x p B MMMli ■ 

By the frequency projections, we easily control I2 by 

h < e-^\p ZA XwPi B v)\ Li \\PiAM\L~ 
^ \\Pca e w\\l^\\w\\ L 2\\v\\ h i . 
Gathering the above estimates we infer that 

^JPCAMmk < ((l|t"(*)IU 2 + ll^.w(*)lk ? )(ll^i'B.«(t)l|L- + ||«(t)||HO)lk(*)IU S 



dt 

On the other hand, applying Lemma I37L1 on (|4.8[) we get 

WPcaM^l? Z ( £l/2 + t )\\Pca e w\\l ¥ li + T\\v\\ L ~ Hl \\w\\ L ~ Ll . 

Therefore, integrating in time the next to the last inequality with (|4.7I) in hand, 
leads to (JSU) □ 

Combining Propositions 15.11 and 15.21 we infer that 
which yieds the desired result according to 
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